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Abstract 

We use non-commutative geometry to study the bulk of finite dimen- 
sional representations of the modular group F = S'L2(Z). We give specific 
2n-dimensional families of 6n-dimensional representations obtained from 
the quotient singularity C^/Zg. 
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1 Introduction 



The classification of semi-simple representations of the modular group T = (^) 
is of crucial importance to many branches of mathematics. In particular, to topo- 
logical quantum field theory via modular tensor categories 13 and to knot theory 
via its relation with the third braid group B^, see for example l20ll . Still, very little 
seems to be known on this problem except for representations of dimensions < 5 

by Ell- 
in this paper we will use techniques from non-commutative geometry to get a 
grip on (nice families of) n-dimensional representations rep^ F of F for arbitrary 
n. The starting point is that the modular group is an amalgamated free product 

5L2(Z) = r = Z4 *Z2 ^6 

(see for example 1151 ) and hence that its group algebra CF is a formally smooth al- 
gebra in the sense of or 0. As such we can use the general techniques outlined 
in (T0\ to study the finite dimensional representations of CF via specific quiver- 
representations encoding the etale local structure of rep„ F in the neighborhood 
of a semi-simple representation. 

An approach to the representation theory of the projective modular group F = 
PSL2 {1) via quiver-representations was already found by Bruce Westbury in fT9ll 
and can be modified to be applicable for F. The idea is to study the restrictions of 
an n-dimensional representation M to the cyclic subgroups Z2 , and of F and 
decompose these in eigenspaces. In this way one associates to M a representation 
of the bipartite quiver A 




Here, the left vertices correspond to the eigenvalues of Z4, those on the right to 
those of Zg {p is a primitive third root of unity) and the arrows describe the base- 
change matrix 

V' : M " M 

which is Z2-invariant. The con^esponding dimension vector a = (ai, . . . , 04; 61, . . . , feg) 
describes the characters of these restrictions and satisfies X^jOj = n = Ylj^j- 
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Moreover, the quiver-representation Rm of rep^, A corresponding to M has the 
property that the map ip is invertible whence Rm must be ^-stable for the stability 
structure 9 = (—1, . . . , —1; 1, . . . , 1). In this way one can decompose rep„ F as 
a disjoint union of connected components rep^ F each of which can be identi- 
fied with an affine open subset of moduli^ A, the moduli space of ^-semistable 
representations of dimension vector a of A, see for example |6l|. 

It turns out that moduli spaces of quiver-representations are much harder to 
study than algebraic quotient varieties of quiver-representations. In our previous 
paper Q we used local quivers to reduce the etale local structure of these moduli 
spaces to ordinary quotient varieties and this technique could be applied here, too. 
However, we choose a different route inspired by [1 1 1 where a quiver-setting {Q, fi) 
is associated to any formally smooth algebra A, the conjectural explanation of 
which is that there should be a non-commutative etale isomorphism between A and 
an algebra B which is Morita equivalent to the path algebra CQ with the Morita 
equivalence determined by the dimension vector fi. If we apply this procedure to 
CF we obtain the quiver Q 



/3i 71 




/34 

where the vertices con^espond to the twelve one-dimensional simple representa- 
tions {Si, . . . , 5*12} of F. We obtain an algebra map 

(/> : CF ► CQ 

which should be non-commutative etale in a yet to be developed non-commutative 
Grothendieck topology (we make some comments on this in the final section). We 
have an induced map 

(p* : rep Q >- rep F 

the properties of which we will now describe (see the frontispiece as illustration). 
Each component rep^, F of ?7,-dimensional representations of F contains several 
semi-simple representations which ai^e made up of the twelve simples 

which determine a dimension vector aj = {ei{i), . . . , ei2(i)) of total dimension 
n for Q. By the results of id we know that the restriction of </>* to rep^, Q 
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determines a GL„-equivariant etale map between a neighborhood of the orbit of 
Mi in rep^ F and a neighborhood of the zero-representation in rep^ Q. As such 
we also have an etale isomorphism between IsSq T (the variety parametrizing 
isoclasses of semi-simple F-representations in rep^, F) near the point [Mi] and the 
quiver quotient- variety iss^i Q near the point [0]. 

The quiver Q carries a symplectic structure, whence we can apply the results 
of 13 to define symplectic flows (similar to the Calogero-Moser flows studied by 
G. Wilson in 121,1 ) on rep^. Q and the quotient varieties IsSq,. Q which allow us 
to transport local information near [0] to an arbitrary semi-simple a j -dimensional 
representation of Q. In this way we can describe (at least in principle) most of 
the semi-simple n-dimensional representations of F. We do not know whether all 
IsSq- Q for a fixed a cover the whole of IsSq F but conjecture that they do. 

To construct semi-simple F-representations with specific properties (see for 
example l20l for the construction of knot invariants) we need to have rational fam- 
ilies in issa F. Here too, the symplectic structure of rep^ Q comes in handy. The 
knowledgeable reader will have noticed that each components of Q is the quiver 
which Kronheimer ^SJ and others use to deform the quotient singularity C^/Zg, 
see for example fT6l and |3l| for more details. This allows us (via the map 0*) to 
give very explicit 2n-parameter families of simple F-representations of dimension 
6n. We can even use this to construct several nice families of semi-simple repre- 
sentations in rep^,. Q (the 'curves' in the frontispiece) which give us interesting 
filaments of semi-simple F-representations. We will return to the detailed study of 
these families elsewhere. 

Much of the strategy outlined above is applicable to more general situations 
and we formulate our results accordingly. In section 2 we outline the procedure to 
associate the etale type quiver-setting (Q, /i) to any amalgamated coproduct 5i *s 
5*2 of finite dimensional semi-simple C-algebras 5, Si and ^2. In section 3 we give 
several examples, including the modular group example as well as coproducts of 
matrix-algebras. In section 4 we will recall results from |4i on non-commutative 
symplectic geometry and compute some symplectic flows. We also observe that 
the fact that the etale type quiver is symplectic is valid in great generality. In 
section 5 we make the algebra map cj) explicit and outline the method to find F- 
representations from the quotient singularity C^/Zg. In the final section we make 
some comments on non-commutative etale algebra maps. 

2 Amalgamating semi-simple algebras 

A formally smooth algebra A has the lifting property with respect to nilpotent 
ideals (generalizing Grothendieck's characterization of commutative regular alge- 
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bras), that is, any diagram of associative C-algebras with unit 

T T/I 




can be completed with an algebra morphism (j) whenever I is a nilpotent ideal of 
T. These algebras have been studied by J. Cuntz and D. Quillen in [5| where they 
ai^e called quasi-free algebras. Affine formally smooth algebras ai^e thought to be 
the coordinate rings of non-commutative manifolds, see for example Q- Much as 
a manifold is locally diffeomorphic to an affine space, a formally smooth algebra 
A is conjectured to have a non-commutative etale extension B which is the coordi- 
nate ring of a non-commutative affine space which are (conjecturally) rings Morita 
equivalent to path algebras of quivers. In fTTTl a procedure was given to associate 
to a formally smooth affine algebra A a quiver setting (Qa, a^) where Qa is a 
finite quiver and a a a dimension vector determining the Morita equivalent ring B 
associated to A. We quickly run through the construction and refer to fTTl for more 
details. 

Because A is formally smooth, the scheme of n-dimensional representations 
rep^ A is a smooth reduced variety, possibly having several connected components 

rep„A= y rep^A 

\a\=n 

which we give formal symbols a and we say that a is a dimension vector of dimen- 
sion n and denote \a\ = n. The direct sum of representations induces a semigroup 
structure on the collection of all a for all n G N. The vertices of Qa are in one- 
to-one correspondence with the semigroup generators of this semigroup (they are 
uniquely determined as they correspond to those components which are principal 
PGL„-fibrations) say . . . , /J^}. The number of directed arrows in Qa from 
vertex i to vertex j is given by ext(/3j,/3j) which is the minimal dimension of 
Ext\{S, S') with S G rep^, A and S' G rep^^. A. The dimension vector ua has 
as its i-th component Conjecturally, the non-commutative etale type of A is 
determined by the algebra which is Morita-equivalent (determined by a a) with the 
path algebra CQa- We will explain this construction in a large class of examples : 
amalgamated semi-simple algebras. 

Consider three finite-dimensional semi-simple C-algebras S, Si and ^2 with 
decompositions 

S = Mk,{€.)®...®MkX€.) 
Si = Mi,{C)®...®MiSC) 
52 = iVV(C)©...eM^,(C) 



5 



and assume we have embeddings ii : S ^ ► Si and 12 ■ S ^ ► 5*2 which 

are fully determined by their Bratelli diagrams. Recall that these are labeled full 
bipartite graphs on (r, s) (resp. {r,t)) vertices where the edge connecting the i-th 
vertex on the left to the j-th vertex on the right is labeled with a natural number 
<^ij > (resp. hij > 0) satisfying the following numerical restrictions 



^ ^ (2 ki 



and 



i=l 



These number encode the restriction data : let f/i, ...,[/,. be the simples of S (of 
C-dimensions ki, . . . , kr) and similarly Vi, . . . ,Vs (resp. Wi, . . . , Wt) the simples 
of Si (resp. of S2) which have C-dimensions li, . . . ,lr (resp. mi, . . . , m^). As an 
5-module, the Vi and Wi decompose in a direct sum of the Uj and the numbers aij 
resp. bij denote the multiplicities, that is 



Vj is^U®^'' ®...(BUT''' and Wjis^U^^''(i 
From these decompositions and Schur's lemma it follows that 



HomsiVi, Wj) = ^ akibkj 



n. 



k=l 



We are interested in the amalgamated coproduct algebra 

A = Si*s S2 

which represents the functor Homs^aig{Si, — ) x Homs^aig{S2, — ) in the cate- 
gory of all 5-algebras. In fT4ll it was proved that A is hereditary. In fact. 

Proposition 1 For S, Si , S2 finite-dimensional semi-simple C-algebras as above, 
the amalgamated coproduct 

A = Si*s S2 

is a formally smooth algebra. In fact, if Si and S2 are formally smooth and S is 
finite-dimensional semi-simple, the same result holds. 

Proof. Let T be a C-algebra and / <] T a nilpotent ideal and assume we have a 
morphism 

Si ^ 5i *5 S2 T/I 



TT 



S <=- 
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Because Si (resp. S2) is formally smooth there is a Uft a : Si T (resp. 

P : S2 T) compatible with cf) o a (resp. with o ()). By ||5| Prop. 6.1] there 

is a unit t ^ T* such that 7r{t) = 1 satisfying 

a I S = t-^0 I S)t 

But then, d * t~^/3t is a required lift from Si *s S2 to T. □ 
We want to determine the connected components of rep„ A. Let M be an 
n-dimensional representation of A, then restricting M to 5i and S2 gives us de- 
compositions 

M is, ^ V®"" e . . . e V®P^ and M i^, ~ W®'^' ... W®^* 

Clearly, the s + t-tuple of natural numbers a = {pi, . . . ,ps] qi, ■ ■ ■ ; qt) satisfies the 
numerical restriction 

n = hpi + . . . + IsPs = miqi + . . . + mtqt 

Choose a C-basis in C" = M [$1 compatible with the decomposition, say B = 
{61, ... , hn] and a C-basis B' = {h'^, . . . , h'^] of C" = M compatible with the 
second decomposition. Because M is a Si *s 5*2 -representation, the base-change 

map B ► B' must be an invertible element of 

Homs{M [s„M [S2) = ®l=i ®j=i Mq^^p^{Homs{Vi,Wj)) 

and hence ijj determines a representation of dimension vector a of the bipartite 
quiver A on (s, t) vertices (see figure 1) having riij = YZt=i C'kibkj arrows pointing 
from the i-th vertex on the left to the j-th vertex on the right. Clearly, these numbers 
of aiTows must be so that there is a representation in Vm £ ^^Pq ^ such that 
the n X n matrix describing ip (and hence M) is invertible. This implies that 
the A-representation V]\f is 6-semi-stable where 9 = {—li, ■ ■ ■ , — Z^; mi, . . . , mt) 
and 6'-semi-stability means that there is no proper subrepresentation W of Vm 
with dimension vector f3 such that 9.(3 < 0, see for example Q for more details. 
Summarizing this argument, we have 

Proposition 2 Let M G rep„ Si*s S2, then there is a point M' in the GLn-orbit 
0{M) of M such that M' is determined by a representation 

Vm' G rep^ A 

with a = {pi, . . . .ps] . . . , qt) G N'^+* such that 

s t 

n = ^ kpi = ^ rrijqj 
i=i j=i 

If NP is another such point in the orbit 0{M), then Vm' and Vm" are isomorphic 
as A-representations, that is, there is a basechange in GL(a) mapping Vm' to 
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Figure 1 : The bipartite quiver A. 



As a consequence we see that rep„ Si *s S2 has as many connected com- 
ponents as there ai-e dimension vectors a = {pi, . . . ,ps;qi, . . . ,qt) such that (1) 

liPi = n = ^jQj (2) rep^, Q contains 0-semi-stable representations. 
We will denote the set of all such dimension vectors with comp C W~^^. comp 
is a semigroup having a finite set of semigroup-generators . . . , /3fc} deter- 
mined by the property that rep^, A consists entirely of 0-stable representations 
(those for which every proper subrepresentation has a dimension vector /3 satisfy- 
ing 9.p > 0). 

The Euler-form XA is the bilinear form on determined by the integral 
matrix 



XA = 



" 1 
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Recall that if V resp. W are representations of A of dimension vector /3 resp. 7, 
then we have the numerical relation 

dime HoniAiV, W) - dime Ext\{V, W) = xa(/9, 7) 
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which allows us to compute the values of ext{l3i,l3j) observing that for ^-stable 
representations V and W we have that dim£ Hom{^{V^ W) = 5vw- We have now 
all the required material to determine the quiver setting associated to the amalga- 
mated coproduct. 

Theorem 1 With notation as introduced before, the quiver setting {Qa, oia) asso- 
ciated to the amalgamated coproduct of semi- simple algebras 

A = Si*s S2 

is given by the quiver Qa on k vertices where {/3i , . . . , the set of semigroup- 

generators of the semigroup comp C N*"*"* consisting of all 9 -semi-stable dimen- 
sion vectors of A and where the number of directed arrows from vertex i to vertex 
j is given by the number 

Sij - XA{f3i,/3j) 
The dimension vector a a = . . . , n^,) is determined by 

s 

ifl3i = {pi{i), ■ ■ ■ ,Ps{i);qi(.i), ■ ■ ■,qt{i))- 

3 The etale type of the modular group. 

In this section we will give several examples of the foregoing construction with 
emphasis on the important case of the group algebra CS'L2(Z) of the modular 
group. To warm-up let us begin with a tame example. 

Example 1 (The infinite dihedral group) As Doo = (s, t | = 1 = t^) ~ 

Z2 * Z2 we have that 

CDoo ~ (C X C) * (C X C) 

with the factors on both sides corresponding to the eigenvalues ±1. The Bratelli 
diagrams for the embedding of C in these factors are 
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whence the quiver A is given by 




The character 9 = (— 1,— 1;1,1) whence comp is the semigroup of consisting 
of dimension vectors (a, b; c, d) such that a + b = c + d. This semigroup has 4 
generators 



++ 


= Pi = 


(1,0;1,0) 


+- 


= 132 = 


(1,0; 0,1) 


-+ 


= /33 = 


(0,1; 1,0) 




= /?4 = 


(0,1; 0,1) 


^iven 


by a = 


(1,1,1,1) 



++ 




The study of isomorphism classes of semi-simple representations of the modu- 
lar group r = SL2{1) is of fundamental importance in the study of modular tensor 
categories and hence in topological quantum field theory, see for example Q. Still, 
surprisingly little is known about such representations. To the best of our knowl- 
edge the best results are contained in fTTl and classify the simple representations 
in dimension < 5. 

In order to fix notation let us recall the relation between F and the three string 
braid group which is generated by the elementary braids 



<7l 



X I 



and £72 



t X 



which satisfy the braid group relation : aia2<Ti = 020x^2 
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If we define s = cji(T2CTi and t = aia2, B3 has another presentation 



is,t 



From this description it is clear that c = = is a central element and that the 
corresponding quotient group 

B3 = Bs/ic) ~ Z2 * 

is the free product of cyclic groups of order 2 and 3. It is well-known that the braid 
group i?3 maps onto SL2 (Z) via the map 



0"! 



1 1 
1 



and 



0-2 



1 
-1 1 



which maps the generators s and t, respectively the central element c, to 



1 
-1 



and 



1 1 

-1 



resp. 



-1 
-1 



Therefore, the projective modular group T = PSL2 (Z) ~ B3 ~ Z2 * Z3 whereas 
the full modular group has the structure of an amalgamated free product 



SLo 



I2 ^6 



see for example \ VS, 4.2(c)]. In this paper we will initiate the study of the repre- 
sentation theory of these groups from a non-commutative geometry perspective. 



Example 2 (The projective modular group) As T 2= 

c r ~ (c X c) * (c X c X 



we have that 



with the factors on the left corresponding to the eigenvalues ±1 for s and those on 
the right to the eigenvalues {1, p, p^} for t where p is a primitive third root of unity. 
The Bratelli diagrams of the inclusion of C in these factors are given by 
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whence the structure of the quiver A is given by 



+1 



-1 




In this case the character is ^ = (—1, —1; 1, 1, 1) whence comp is the semigroup 
of Tl? consisting of all (a, h\ c, d, e) € such that a + 6 = c + d + e which is 
generated by the six dimension vectors 

'+l,l = /3i = (1,0; 1,0,0) 
-l,/9 = /32 = (0,1; 0,1,0) 
^ +l,p2 = /33 = (1,0; 0,0,1) 
' -l,l = /34 = (0,1; 1,0,0) 
+l,p = /35 = (1,0; 0,1,0) 
^-l,p2 = /36 = (0,1; 0,0,1) 

and the quiver setting associated to CP5L2(^) is (Q) ck) with a = (1, 1, 1, 1, 1, 1) 
and Q the quiver a 




Pi 

As the modular group is a twofold cover of F the following example should not 
come as a surprise. 

Example 3 (The modular group) Because F = Z4 ^6 we have that 

C F ~ CZ4 *cxc CZe 

12 



where the left factor spUts in 4 copies of C corresponding to the eigenvalues 
{l,i,— 1,— i} and the factor on the right in 6 copies of C corresponding to the 
eigenvalues {1, —p^,p, —1, p'^, —p}. The amalgamating factor CZ2 = C x C has 
factors con^esponding to the eigenvalues ±1. Hence, the Bratelli diagrams of the 
two inclusions are 




which we see is the disjoint union of two copies of the quiver for T. A& 9 = 
(— 1, — 1, — 1, — 1; 1, 1, 1, 1, 1, 1) the semigroup comp C consists of the di- 
mension vectors (ai, 02, as, 04; 61, 62, ^3, ^4, ^5, ^6 ) such that ai + 02 + «3 + «4 = 
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6i + . . . + fog and is generated by the 12 dimension vectors 



+1,1 = Pi = (1,0, 0,0; 1,0, 0,0, 0,0) 
-l,p = /32 = (0,0,l,0;0,0,l,0,0,0) 
+l,p2 = /J3 = (i,o,0,0;0,0,0,0,l,0) 
-1,1 = /?4 = (0,0,1,0;1,0,0,0,0,0) 
+l,p = /?5 = (1,0, 0,0; 0,0, 1,0, 0,0) 
-l,p2 = /Jg = (o,0,l,0;0,0,0,0,l,0) 



= 71 = (0,1, 0,0; 0,1, 0,0, 0,0) 
-2,-1 = 72 = (0,0, 0,1; 0,0, 0,1, 0,0) 
i,-p = l3 = (0,1, 0,0; 0,0, 0,0, 0,1) 
-i,-p2 = 74 = (0,0,0,l;0,l,0,0,0,0) 
i,-l = 75 = (0,1, 0,0; 0,0, 0,1, 0,0) 
-i,-p = -f6 = (0,0, 0,1; 0,0, 0,0, 0,1) 



Hence, the quiver setting {Q, a) associated to SL2{1) is a = (1, . . . , 1) and Q the 
quiver 

A 71 





So far, all examples had all components of a a equal to one whence we did not 
need a Morita equivalence. To end this section let us give an example in which the 
Morita equivalence does appear. 

Example 4 (Amalgamating matrices) Let I = ak and m = bk and consider the 
amalgamated coproduct 

A = Mi{C) *M,(C)Mm{C) 

The Bratelli diagrams of the two inclusions aie depicted by 



whence the quiver A for M/(C) *m^.{c) ^m(C) is 

0=ab^0 



14 



This time the character is 6 = {—l,m) and the semigroup of all dimension vectors 
{p, g) such that Ip = mq is generated by a unique generator 



B=(— —) 

and as the Euler form of A is given by the matrix 



quiver Q is 



1 -ab 
1 



we obtain that the 



where n = 1 + (q^^^ — — 6^) and where a = (■^^)- Hence, conjecturally, 
the amalgamated coproduct Mi{C) *a4(c) ^m(C) has a non-commutative etale 
extension isomorphic to 

M abk (C(x^ , . . . ,Xn)) 

(a,b) 



4 Non-commutative symplectic flows. 

The quivers constructed above are symmetric, that is, there is an involution a l—^ a* 
on the arrows such that a* has the reverse orientation of a. Equivalently, the path 
algebra CQ can be equipped with a symplectic structure. In this section we will 
show that this is a general fact for coproducts of semi-simple algebras and illustrate 
how the machinery developed in i4| can be used to construct symplectomorphisms 
on the quotient varieties. 

Proposition 3 Let {Q, a) be the quiver setting associated to the algebra coproduct 

Si * 5*2 

where S\ and S2 are finite dimensional semi-simple algebras. Then, the quiver Q 
is symmetric, that is, CQ is symplectic. 

Proof. If 5i = Mk, (C) ® . . . © Mfc, (C) and ^2 = M;, (C) © . . . © M;, (C), then 
the Euler-form of the bipartite quiver A is determined by the matrix 



■ 1 




-kik .. 


• -hh 




1 






. 


. 


1 




. 


. 




1 
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Now, if /? = {ai, . . . ,ar,bi, . . . ,bs) and /?' = (ci, . . . , c^, di, . . . , dg) are two 
generators of the semigroup comp, then one computes that 

r t r s 

i=l j = l i=l j = l 

whence 

r s 

Xq{P,P') - Xq{P',P) = "^"^hljiaidj - Cibj) 

i=i j=i 

Now, the components of /3 and /?' must satisfy the numerical restrictions 

r s r s 

fejOj = and kiCi = Z^dj 

i=l j=l j=l j=l 

from which it follows that the above expression is zero, whence there are the same 
number of arrows in both directions between any two distinct vertices. □ 
Observe that we only claim that the number of arrows between two different 
vertices is equal in each direction. It is, in general, not true that the number of 
loops in a vertex is even. For example, using the last example of the foregoing 
section one verifies that the quiver corresponding to M2(C) * M2(C) is the three 
loop quiver. 

We recall some facts on non-commutative differential forms for path algebras 
of quivers and refer for full details to If Q is a quiver on k vertices, then a basis 
for the relative (with respect to the vertex-algebra C^'^) differential n-forms Q 
is given by the elements 

podpi ...dpn 

where the pi are oriented paths in Q of length > 1 for i > 1 and of length > 
for po and such that the starting point of pi is the end point of Pi^i. Dividing out 
super-commutators one obtains the relative Karoubi complex 

dR° Q dRl Q dR2 Q . . . 



where 

dR" Q = thLtl _ 

and one can make the first terms of this sequence quite explicit. dR^ Q is the 
vectorspace spanned by all necklace words in Q, that is, all oriented circuits in Q 
taken upto cyclic equivalence. dR^ Q is the vectorspace 

®apda 

where the sum is taken over all arrows a in Q and where p is an oriented path in Q 
starting in the terminal vertex of a. The differential d takes a necklace nin Q and 
takes it to ^ 

dn = } T^da 
^-^ da 
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where is the sum of all oriented paths (starting in the end point of a) which are 
obtained by deleting one occurrence of a in n. 

As the relative Karoubi complex is exact everywhere but the first term, we get 
an exact sequence 

. C^^ " dR^ Q — dRl Qex ► 

see §3] where the last term is the kernel of d : dR^ Q >- dR^ Q. 

In case the quiver Q is symplectic (that is if we have an involution a ^ a* 
on the aiTows of Q) the situation is even nicer. Take a representant a in each 
equivalence class (the other element will be denoted by a*) and call this set of 
arrows L. Then, one can define a Lie algebra structure on the space dR^ Q of 
non-commutative functions by 

, 9n-' dn dn' 

the so called necklace Lie algebra, see Moreover, in this case dR^ Q^x can be 
identified with Der^ Q, the Lie algebra of symplectic derivations of CQ. That is, 
C^'' -derivations of CQ which preserve the so called moment-element 

m = ^[a,a*] G CQ 

aG-L 

The identification assigns to the image dn of a necklace n of Q the C^ '^-derivation 
On defined by 

= 

\Ua*) = is 

Under these identifications, the following sequence is an exact sequence of Lie 
algebras if we put on C^'^ the Abelian Lie algebra structure, see j4| Thm. 4.2] 

C'^'' >■ dR° Q ► Der,^ Q 

If is a nilpotent symplectic derivation, it determines an automorphism of the path 
algebra CQ and hence, by taking traces, a symplectomorphism on the quotient 
varieties IsSq, Q. A particular example of such derivations correspond to dii where 
re is a necklace involving only arrows from L. 

We will give the physical relevant example of Calogero-Moser particles in 
which this procedure leads to the Calogero-Moser flows of |2T]| . Next, we will 
compute some symplectomoiphisms for the quotient varieties of semi-simple rep- 
resentations of the modular group. 

Example 5 (Calogero-Moser flows) Consider the symplectic quiver 



a ' 
a 
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The only necklaces in Q involving only arrows from L = {a, b} are polynomials 
in b. The symplectic derivation 9n corresponding to n = is defined by 

' Onia) = = 9n{a*) 
< Onib) = 

and is therefore nilpotent. The corresponding automorphism 7„ = e*^" is defined 
by 

7n(a) = a -in{a*) = a* -fn{b) = b and 7„(6*) = b* + tb"" 

In this case, the moment-element m = [a, a*] + [6, 6*] = —a*aei + {aa* + [b,b*])e2- 
Take as the dimension vector a = {l,k) and consider the deformed preprojective 
algebra 

_ CQ 

~ 7 u 

[m — A) 

where A = —kei + le2, then IsSq Hx, the quotient variety of rep^, 11^ under 
the base-change group GL{a), is Calogero-Moser phase space Calo^. It can be 
identified with pairs of k x k matrices {X, Z) € Mfc(C) x Mk{C) (coiTcsponding 
to the arrows 6* resp. b in Q) satisfying 

[X, Z] + If; has rank 1 

see l2ni or pl| for more details. As the coordinate ring of the quotient variety 
Issa Q (and hence of the quotient IsSq IIa is generated by traces along oriented 
cycles in Q we see that the the automorphism 7^ defines a GL„ -invariant flow on 
rep^ defined by 

{X, Z, u, v) ^ {X + tZ"", Z, u, v) 

which generate the Calogero-Moser flows on Calok as defined in l2Tl . 

Motivated by this example, we will now investigate some symplectic flows for 
the (projective) modular group F, the case of F being similar. 

Example 6 (The projective modular group) Let us define a symplectic structure 
on the quiver Q corresponding to CF 
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by taking L = {si, . . . , sg} and s* = ti. Under composition the necklaces of Q 
are generated by the elementary necklaces 

Ci = Siti S = S1S2S3S4S5SQ T = tlt2i3*4*5*6 

The Lie brackets between these elementary necklaces are 

[Ci,C,] = [a,S] = -S [Ci,T]=T [S,S] = [S,T] = [T,T]=0 

The only necklaces involving only arrows from L are the polynomials in 5. The 
symplectic derivation corresponding to n = ^^S*""^^ is defined by 

iOniSi) = 

\On{ti) = Si-i . . . siS'^-^se . . . Sj+i 
whence the corresponding symplectic flows are determined by the automorphism 

j 7n.(Sj) = Si 

\ln{ti) =ti+ tSi^i . . . Si5'"~^S6 . . . Si+i 

which induce, after taking traces, symplectomorphisms on the quotient varieties 
IsSq, Q describing all isomorphism classes of semi-simple a-dimensional repre- 
sentations of Q. 

5 The modular group and the quotient singularity C^/Zg. 

If A is formally smooth with associated quiver-setting {Qa,0!a) then this set- 
ting contains enough information to describe the GL„-etale structure of rep„ A 
near the orbit of a semi-simple representation as well as the etale structure of the 
quotient varieties iss„ A parametrizing isomorphism classes of semi-simple n- 
dimensional representations, see tlli . In particular, if . . . , /3fc} are the semi- 
group generators of comp (determining the vertices of Qa) and if (3 = nijSi + . . . + 
n/c/Sfc is a dimension vector for A, then the connected component rep^ A contains 
(an open set of) simple representations if and only if . . . , n^) is the dimension 
vector of a simple representation of Qa (and there is an characterization of such 
dimensions vectors by jO))- For an application of this to the representation theory 
of r (or B3) we refer to Q. Here we state the result for the modular group T : 

Proposition 4 Let rep^ CT be a connected component o/rep„ CP such that 

a = bi(3i + . . . + bePe + ciji + . . . + ceTe 

Then, rep^ CT contains simple representations if and only if one of the following 
two cases occurs 

all Ci = and hi < bi-i + for all i mod 6 
all bi = and Ci < Cj_i + Ci+ifor all i mod 6 
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Rather than stating the etale local structure results in full generality (for which 
we refer to O or to flOl X we will illustrate them in some examples. 

Example 7 (Infinite dihedral group) Let D^o = {s,t \ = 1 = t^). There 
are four isomorphism classes of simple one-dimensional Dqo -representations : 

, / |_ and / with for example / |_ = Cv where s.v = —v and t.v = v. 

As the dimension vectors (3i, . . . , (corresponding to these one-dimensional sim- 
ples) generated comp Doo we know that any non-empty connected component 
rep^ CDoo of rep„ CDqo contains a semi-simple representation with decomposi- 
tion 

M = If I' e e © 

with clearly oi + 02 + 61 + 62 = n (observe that as the /?, are linearly dependent, 
there are often several descriptions /3 = aiPi + 02/^4 + 6i/32 + b^fi^)- If (Q, a) 
is the quiver setting associated to CDoo, then 7 = (ai, 02, 61, 62) is a dimension 
vector for Q. 

The relevance of the quiver-representation space rep^ Q is that it coincides as 
a Stab{M) = GL{'y) = GLa^ x GL^j x GLf,-^ x GL;,2 -representation with the nor- 
mal space to the orbit GLn-M = 0{M) (which identifies as Ext}.jj^{M, M)). 
By the etale slice theorems, see fl3\ . we deduce that there is a GL„-etale isomor- 
phism between 

{rep^ CDoo in a neighborhood of 0{M), and 
GLn x^^(t) rep^ Q in a neighborhood of 0{ln x 0) 

where is the zero representation in rep^ Q. We can even make this map explicit. 
A representation V G rep Q is given by matrices 81,82, Ti and T2 where 




The map rep^ Q rep^ CDqo is than given by sending the representation 

V = {8T1, 82, T2) to the representation determined by the matrices 



S 





81 
































t ^ 


Ti 
















K 
























-I62 . 










T2 





Therefore, in a neighborhood of M any n-dimensional representation of Dqo can 
be conjugated to one in this matrixform. 
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Rather than studying these maps one at a time, we would like them to be in- 
duced from a map on the level of the algebras. The matrix-form suggest the map 

CD^ CQ defined by | "^^^^ = e, - e, + - e, + s, + s, 

^ (j){t) = ei - 62 - 63 + 64 + ti + t2 

where 6j is the vertex-idempotent of the path algebra CQ corresponding to the i-th 
vertex of Q and where Sj resp. tj are the arrow-variables corresponding to the red 
(resp. blue) arrows in Q. One verifies that (/> is an algebra morphism. 

In the case of the modular group we can also define an algebra map CT CQ 

giving a covering of iss^ CF neai^ certain semi-simple representations. We will 
give the relevant information for the projective modular group F, the case for F 
follows by taking block matrices as in the case of Dqo- 

Example 8 (The projective modular group) Let us take the notation for vertices 
and arrows as in the foregoing section. Fixing a dimension vector 7 = (oi, . . . , a^) 
we can write the etale map 

GLn x^^(^) rep^ Q . rep„ CF 

in a neighborhood of the semi-simple n-dimensional representation 

11 1 'i) ■ ■ ■ ^ 1 _i^p2 

as induced by the map rep^ Q rep,^ CF sending a representation V = 

{Si, . . . , 5*6, Ti, . . . , Tg) (with obvious notation) to the representation determined 
by the n x n matrices 



t ^ 







ipSi 











n ' 







~la2 



















T2 


las 





















la4 





















las 






_ 


















u 

















iTi 




S2 




































la4 


pSa 

















P'^as 


















P'la6 



These matrices suggest the following map (p '■ CF » CQ given by 

(p{s) = 61 - 62 + 63 - 64 + 65 - 66 + ipSi + i/9^S3 + iS5 + t2 + ^4 + ^6 

(f>{t) = 61 + /962 + /o^ea + 64 + /965 + /9^66 + S2 + ps^ + p'^s^ + iti + ita + it5 
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which one verifies to be an algebra map. The specific choice of the scalar factors 
has the advantage that we get slightly nicer matrices for cji = t~^s = t'^s, that is, 
^(^i) = 





ipSi 











n 




SiTi — T2S2 — P^la2 


-S2 


-ip''S3S2 





-ip^nTi 





pT2 


P'^m 













-ipT2T3 


-ipTs 


S3T3 — — la^ 


-54 


—iS^S^ 











p'T, 


p^K 


ip^S5 


-^6 


-ipSiSe 









— TqSq — 



and a2 = st ^ = st^ whence V{a2) = 



— SqTq + la^ 


iSi 


—ipS2Si 







^p'T, 




S2 








-ip'TiT2 


P^T2 T-sSs 


- S2T2 + plas 


ip^Ss 


-ip'^S^Ss 








ipT-i 




54 


-iSqS^ 





-ipTsTi 






S6 











iT5 



Summarizing our arguments and using the quotient map — / (c) = F we 
obtain the following result on finite dimensional representations of the third braid 
group. 

Proposition 5 Let 7 = (ai , . . . ,aQ) be a dimension vector for Q and let 

V = {Si, ...,Se,Ti,...,TQ)e rep^ Q 

Then, for any scalar A G C* we have that 

ai 1-^ XV (ai) and 02 1— > W{a2) 

{with the matrices V{ai) given above) is ann = ai-dimensional representation 
of the third braid group B3. 

Moreover, if for all i mod 6 we have that ai < aj_i + Oj+i then this repre- 
sentation is irreducible for general V and finally, a sufficiently general irreducible 
representation of B^ can be conjugated into such form for suitable dimensions 
ai, . . . , as satisfying Oj < aj_i + ai+ifor all i mod 6. 

Two simple iJs -representations with the same dimension vector are isomorphic 
if and only if their scalar factors coincide and for the representations of Q all traces 
along necklaces are the same. Although this gives, in principle, a classification of 
simple i?3 (or T or F) representations (certainly in low dimensions), not much is 
known on the geometry of the quotient varieties iss^ Q. For example, if gcd{^) = 
gcd{ai) is not a divisor of 420, it is not known whether this variety is stably rational. 

For this reason it is important to construct families of classifiable representa- 
tions of Q (and hence of the groups mentioned). We will show how the symplectic 
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structure on the quiver Q allows us to find such families corresponding to points in 
the quotient singularity C^/Zg and its blow-ups. 

For the symplectic structure on the quiver Q given above, the corresponding 
moment-element m = X]^=i[^«)*»] = 

{sqIq - tisi)ei + {sih - t2S2)e2 + (52^2 - ^363)63 + • • • + {s^h - teeQ)eG 

which explains the strange looking scalar factors in the matrix descriptions of the 
images of s and t given before as for these we encounter these terms on the main 
diagonal for the corresponding images of ai and (T2. Consider the following two 
central elements of CQ 



An 







\\i = lei + /0^e2 + /oes + le^ + p^e^ + pee 
and the corresponding (deformed) preprojective algebras 

CQ 



(m - Ao) 



and 



Hi 



(m - Ai) 



First, consider the dimension vector (the isotropic Schur root of the tame quiver 
^5) ^ = (1) 1) 1) 1) 1) and observe that Xi.6 = 0. It is well known that 

iss^^ Ho = C^/Zg 

where the isolated singularity corresponds to the zero-representation of Q and that 

iss5 III = N{Xi,6) 

is a two-dimensional affine variety which is a deformation of C^/Zg (the so-called 
Marsden-Weinstein reduction), see for example [BJ. 

For an arbitrary dimension vector 7 = (oi, . . . , og) we can describe the quo- 
tient varieties iss^ Ho and (when applicable) iss^ Hi using the results of 0. If 
a = max(ai, . . . ,aQ), then 

iss^ Ho ~ S^iC^/Ze) 

the a-the symmetric power of the Kleinian singularity C^/Zg embedded in iss^ Q. 
The closed subvariety of rep^, F corresponding to the image of rep^ IIo under (p* 
consists of matrix-pairs 



0-1 





ipSi 











n 


-ip^T, 






-ip^S3S2 





-ip^nTi 





pT2 















-ipT2T^ 


-ipTs 


la4 


-54 


—iS^S^ 











p'T, 




ip^S^ 


-^6 


-ipSiSe 





-iTiT^ 


-iT5 
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(J2 ^ 





iSi 


-ipS2Si 







pTe 






S2 











-ip^TiT2 


P'T2 




ip^S-i 


-ip'^S^Ss 











ipTs 




Si 





-18^85 





-ipT-iTi 


T4 


P'U 


ipS5 


5*6 











in 


-P'^ae 



with (S*!, . . . , Sq,Ti, . . . ,Tq) G rep^ Ho. For special dimension vectors 7 (those 
satisfying A1.7 = 0), there will also be a component iss^ Hi which is isomorphic 
to 

iss^ Hi ~ 5"(iV(Ai,5)) 

and the closed subvaiiety of IsSq, T corresponding to the image of rep^ Hi under 
(p* consists of matrix-pairs 

n ' 

-ip^nTi 

— iS'4 — 18^84 

pHa.^ ip^S^ 

-in 

-inn pn 


-ip^SiSs 
54 
ipS^ 

in -P'^ae. 

where (^i, . . . , ^g, Ti, . . . , Tg) is a 6n-dimensional representation of Hi. It would 
be interesting to study these families further, in particular in connection with semi- 
simple modular tensor categories |2| and the construction of a knot-invariant start- 
ing from a semi-simple i?3 -representation as presented in ll20l . 

6 Towards non-commutative etale maps. 

Clearly we would like the algebra morphisms CDoo " and CF " CQ 

to be etale in some non-commutative definition. However, this definition is not 
entirely clear at this moment. 

The notion of non-commutative /ormaZ/y etale morphism was introduced in f/ll 
extending Grothendieck's characterization of etale commutative morphisms. A C- 

algebra moiphism A >- B is said to be formally etale if for every test-object 



(7l I— > 



(72 





ipSi 








-ip'n 





-S2 - 


ip'S^S 





pn 


P'^as 


iSs 





-ipnn 


-ipn 














p'n 




-ipSiSQ 





-inn 





iSi 


—ipS2Si 





ip'n 


-P^'^a^ 


S2 





-ip^nn 


p'n 





ip'^Ss 








ipn 









-ipnn 


n 


Sq 
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(T, /) (that is, / is a nilpotent ideal of T) and every commuting diagram 



TT 



T/I 



■■5 



B 



there exists a unique lift ^ making both triangles commute. This definition, how- 
ever, is too restrictive to be of any practical interest. 

Example 9 If 5 = M„j (C) © . . . ©M„j. (C) is a finite dimensional semi-simple al- 
gebra one would like to have that C ^ — «- S is a non-commutative etale moiphism. 
As S is formally smooth, there do exist lifts for every test-object 



TT 



T/I 



-■3 



S 



However, this lift is usually not unique as one can conjugate it with any non-central 
unit t & T* such that 7r(t) = 1. Actually, Cuntz and Quillen have proved in ||5j 
Prop.6.1] that for any two Ufts g and g' of g there exists at £ T* such that 

g'{s) = tg{s)t-' 

Hence, to get a useful workable of non-commutative etale morphism one has to 
allow at least these conjugated lifts. 



Definition 1 An algebra map A B is said to be a non-commutative strong 

etale morphism if there are semi-simple subalgebras Sa ^ — " A and Sb ^ — " B 
such that (j){SA) C Sb having the following lifting property. For every test-object 
and every (square) commuting diagram 

Sb. 




and every lift fs : Sb T making the triangles {Sa, Sb,T) and {Sb,T, T/I) 

commute there is a unique lift / : B ► T such that the triangles {A, B, T) 

and [B, T, T/I) are commutative. 
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Whereas this definition accommodates for the problem mentioned in the exam- 
ple, we believe it is not the definite definition of a non-commutative etale morphism 
but it will serve our present purposes. Indeed, the algebra maps 

CL»oo " CQ and Cf CQ 

constructed above are strong etale taking for the semi-simple algebras C (in CDoo 
and Cr) and the vertex-semisimple algebra in CQ. The uniqueness of the lift is 
then imposed by the fact that there is at most one arrow in a given direction between 
any two vertices in Q. As a consequence, the image of the aiTow-variable can be 
obtained from the images of s and t and the vertex-idempotents e.j. 

Perhaps the definite theory of non-commutative etale morphisms will be a non- 
commutative Grothendieck topology in the definition of Fred Van Oystaeyen fTSl . 
We note that a truly non-commutative Zariski topology on rep A has been defined 
in 03. 
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